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Mathematics: analysis and approaches
Higher level
Paper 1

Instructions to candidates

	y Write your session number in the boxes above.
	y Do not open this examination paper until instructed to do so.
	y You are not permitted access to any calculator for this paper.
	y Section A: �answer all questions. Answers must be written within the answer boxes provided.
	y Section B: �answer all questions in the answer booklet provided. Fill in your session number 

on the front of the answer booklet, and attach it to this examination paper and your 
cover sheet using the tag provided.

	y Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

	y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

	y The maximum mark for this examination paper is [110 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1.	 [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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2.	 [Maximum mark: 7]

Solve the equation  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π .
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3.	 [Maximum mark: 5] 

In the expansion of  (x + k)7, where  k ∈  , the coefficient of the term in  x5  is 63 .

Find the possible values of  k .
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4.	 [Maximum mark: 9]

Consider the function  f  defined by  f (x) = ln (x2 - 16)  for  x > 4 .

The following diagram shows part of the graph of  f  which crosses the  x-axis at point  A, with 
coordinates ( a ,  0 ). The line  L  is the tangent to the graph of  f  at the point  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a)	 Find the exact value of  a .� [3]

(b)	 Given that the gradient of  L  is 
1
3

, find the  x-coordinate of B.� [6]
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5.	 [Maximum mark: 4]

Given any two non-zero vectors,  a  and  b , show that  | a × b |2 = | a |2 | b |2 - (a ⋅ b)2 .
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6.	 [Maximum mark: 7]

The following diagram shows triangle ABC, with AB = 10 ,  BC = x  and  AC = 2x .

diagram not to scale

10 B

C

x
2x

A

Given that 
3ˆcos C
4

= , find the area of the triangle.

Give your answer in the form 
2

p q
 where  p , q ∈ + .
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7.	 [Maximum mark: 5]

The cubic equation  x3 - kx2 + 3k = 0  where  k > 0  has roots  α , β  and  α + β .

Given that �� � � k 2

4
, find the value of  k .
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8.	 [Maximum mark: 8]

The lines  l1  and  l2  have the following vector equations where  λ , µ ∈  .
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(a)	 Show that  l1  and  l2  do not intersect.� [3]

(b)	 Find the minimum distance between  l1  and  l2 .� [5]
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9.	 [Maximum mark: 7]

By using the substitution u = sin x , find 
2

sin cos d
sin sin 2− −∫

x x x
x x

.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10.	 [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 6 + 6 cos x , for  0 ≤ x ≤ 4π .

The following diagram shows the graph of  y =  f (x) .

A B
x

y

f

The graph of  f  touches the  x-axis at points A and B, as shown. The shaded region is 
enclosed by the graph of  y =  f (x)  and the  x-axis, between the points A and B.  

(a)	 Find the  x-coordinates of A and B.� [3] 

(b)	 Show that the area of the shaded region is 12π .� [5]

(This question continues on the following page)
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(Question 10 continued)

The right cone in the following diagram has a total surface area of 12π , equal to the shaded 
area in the previous diagram.

The cone has a base radius of 2, height  h , and slant height  l .

diagram not to scale

l
h

2

(c)	 Find the value of  l .� [3]

(d)	 Hence, find the volume of the cone.� [4]
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11.	 [Maximum mark: 20]

The acceleration,  a ms-2 , of a particle moving in a horizontal line at time  t  seconds,  t ≥ 0 , is 
given by  a = - (1+v)  where  v ms-1  is the particle’s velocity and  v > -1.

At  t = 0 , the particle is at a fixed origin  O  and has initial velocity  v0 ms-1 .

(a)	 By solving an appropriate differential equation, show that the particle’s velocity at time  t  
is given by  v ( t ) = (1 + v0) e

-t - 1 .� [6]

(b)	 Initially at O, the particle moves in the positive direction until it reaches its maximum 
displacement from O. The particle then returns to O.

Let  s  metres represent the particle’s displacement from O and  smax  its maximum 
displacement from O.

(i)	 Show that the time  T  taken for the particle to reach  smax  satisfies the 
equation  eT = 1 + v0 .

(ii)	 By solving an appropriate differential equation and using the result from part 
(b) (i), find an expression for  smax  in terms of v0 .� [7]

Let  v (T - k)  represent the particle’s velocity  k  seconds before it reaches  smax , where 

v (T - k) = (1 + v0) e
-(T - k) - 1 .

(c)	 By using the result to part (b) (i), show that  v (T - k) = ek - 1 .� [2]

Similarly, let  v (T + k)  represent the particle’s velocity  k  seconds after it reaches  smax .

(d)	 Deduce a similar expression for  v (T + k)  in terms of  k .� [2]

(e)	 Hence, show that  v (T - k) + v (T + k) ≥ 0 .� [3]
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12.	 [Maximum mark: 19]

The following diagram shows the graph of y x� �� � �arctan 2 1
4

�
 for  x ∈  , with asymptotes 

at 
4
π

= −y  and 
3
4
π

=y .

y

x

π
4

y = −

3π
4

y =

(a)	 Describe a sequence of transformations that transforms the graph of  y = arctan x  to the 

graph of y x� �� � �arctan 2 1
4

�
 for  x ∈  .� [3]

(b)	 Show that arctan arctan arctan
1
 +

+ ≡  − 

p qp q
pq

 where  p ,  q > 0  and  pq < 1 .� [4]

(c)	 Verify that arctan arctan2 1
1 4

x x
x

�� � �
�

�
�
�

�
�
� �

�
 for  x ∈  ,  x > 0 .� [3]

(d)	 Using mathematical induction and the result from part (b), prove that 

2
1

1arctan arctan
2 1=

   =   +   
∑

n

r

n
r n

 for  n ∈ + .� [9]

�
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